We study the region of the QCD phase transition using 2+1 flavors of domain wall fermions (DWF) and a 16 3 × 8 lattice volume with a fifth dimension of L s = 32. The disconnected light quark chiral susceptibility, quark number susceptibility and the Polyakov loop suggest a chiral and deconfining crossover transition lying between 155 and 185 MeV for our choice of quark mass and lattice spacing. In this region the lattice scale deduced from the Sommer parameter r 0 is a −1 ≈ 1.3 GeV, the pion mass is ≈ 300 MeV and the kaon mass is approximately physical. The peak in the chiral susceptibility implies a pseudo critical temperature T c = 171 (10)(17) MeV where the first error is associated with determining the peak location and the second with our unphysical light quark mass and non-zero lattice spacing. The effects of residual chiral symmetry breaking on the chiral condensate and disconnected chiral susceptibility are studied using several values of the valence L s .
I. INTRODUCTION
The properties of strongly-interacting matter change dramatically as the temperature is increased. At a sufficiently high temperature, the basic constituents of matter (quarks and gluons) are no longer confined inside hadronic bound states, but exist as a strongly interacting quark-gluon plasma (QGP). The properties of the QGP have been subject to significant theoretical and experimental study. The physics of the transition region controls the initial formation of the QGP in a heavy-ion collision, as well as the details of hadronic freeze-out as the QGP expands and cools. Thus, the transition temperature and the order of the transition are of fundamental importance in their own right and of particular interest to both the theoretical and experimental heavy-ion community.
The location and nature of the QCD phase transition has been extensively studied using lattice techniques with several different fermion actions [1] [2] [3] [4] [5] [6] . Recently, the most detailed studies of the transition temperature have been performed with different variants of the staggered fermion action [1] [2] [3] [4] . Although staggered fermions are computationally inexpensive, they suffer the disadvantage that they do not preserve the full SU(2)×SU(2) chiral symmetry of continuum QCD, but only a U(1) subgroup. This lack of chiral symmetry is immediately apparent in the pion spectrum for staggered quarks, where there is only a single pseudo-Goldstone pion, while the other pions acquire additional mass from O(a 2 ) flavor mixing terms in the action.
Thus, it is important to study the QCD phase transition using a different fermion discretization scheme. The Wilson fermion formulation is fundamentally different from the staggered approach and would be an obvious basis for an alternative approach. However,
Wilson fermions may be a poor alternative because in that formulation chiral symmetry is completely broken at the lattice scale and only restored in the continuum limit, the same limit in which the breaking of SU(2)×SU(2) chiral symmetry in the staggered fermion formulation disappears.
A particularly attractive fermion formulation to employ is that of domain wall fermions [7] [8] [9] . This is a variant of Wilson fermions in which a fifth dimension is introduced (the s direction). In this scheme, left and right-handed chiral states are bound to the four dimensional boundaries of the five-dimensional volume. The finite separation, L s between the left-and right-hand boundaries or walls allows some mixing between these left-and right-handed modes giving rise to a residual chiral symmetry breaking. However, in contrast to Wilson fermions, this residual chiral symmetry breaking can be strongly suppressed by taking the fifth-dimensional extent (L s ) to be large.
To leading order in an expansion in lattice spacing, the residual chiral symmetry breaking can be characterized by a single parameter, the residual mass m res , which acts as an additive shift to the bare input quark mass. Thus, the full continuum SU(2)×SU(2) chiral symmetry can be reproduced to arbitrary accuracy by choosing L s sufficiently large, even at finite lattice spacing. However, this good control of chiral symmetry breaking comes with an approximate factor of L s increase in computational cost.
For these reasons, one of the first applications of the domain wall fermion approach was to the study of QCD thermodynamics using lattices with a time extent of N t = 4 and 6 [5] . These early results were quite encouraging, showing a clear signal for a physical, finite temperature transition. However, these were two-flavor calculations limited to quarks with relatively heavy masses on the order of that of the strange quark and with such large lattice spacings that higher order residual chiral symmetry breaking effects, beyond m res = 0, may have been important.
Given the substantial increase in computer capability and the deeper understanding of domain wall fermions that has been achieved over the past decade, it is natural to return to this approach. Now significantly smaller quark masses and much finer lattices with N t = 8
can be studied and important aspects of residual chiral symmetry breaking can be recognized and explored.
This paper presents such a first study of the QCD finite temperature transition region using domain wall fermions at N t = 8 and is organized as follows. Section II gives the details of our simulation, with regard to the choice of actions, simulation parameters, and algorithms. Section III presents our results for finite-temperature observables such as the chiral condensate, chiral susceptibility, quark number susceptibility, Polyakov loop, and Polyakov loop susceptibility. Section IV gives results for the zero-temperature observables:
the static quark potential and the hadron spectrum, that were calculated to determine the lattice spacing and quark masses in physical units. Section V discusses the effects of residual chiral symmetry breaking on our calculation and consistency checks of this finite temperature application of the domain wall method. Section VI makes an estimate of the pseudo critical temperature T c which characterizes the critical region and its associated systematic errors.
Finally, Section VII presents our conclusions and outlook for the future.
II. SIMULATION DETAILS
For our study we utilize the standard domain wall fermion action and the Iwasaki gauge action. The properties of this combination of actions has been extensively studied at zero temperature by the RBC-UKQCD collaboration [10] [11] [12] [13] .
Using the data from Ref. [10, 11, 13, 14] , we extrapolated to stronger coupling in order to estimate the bare input parameters: the gauge coupling, input light quark mass, and input strange quark mass (β, m l , m s ), appropriate for the region of the finite-temperature transition at N t = 8. The value of the critical gauge coupling was estimated to be β c ∼ 2.00 and the corresponding residual mass m res ∼ 0.008 for L s = 32. As a result, we have used m l = 0.003 and m s = 0.037 for the input light and strange quark masses in all of our runs.
This corresponds to (m l + m res )/(m s + m res ) ≈ 0.25.
For the finite temperature ensembles, we have used a lattice volume of 16 3 × 8, with L s = 32. Table I shows the different values of β that we chose, as well as the total number of molecular dynamics trajectories generated for each β. In the immediate vicinity of the transition, we have approximately 2000 − 3000 trajectories, with fewer trajectories as we move further away from the critical gauge coupling, β c .
We use the rational hybrid Monte Carlo (RHMC) algorithm [15, 16] to generate the dynamical field configurations. An Omelyan integrator [17, 18] with λ = 0.22 was used to numerically integrate the molecular dynamics trajectory. A three-level integration scheme was used, where the force from the gauge fields was integrated with the finest time-step.
The ratio of the determinant of three flavors of strange quark to the determinant of three flavors of Pauli-Villars bosons was included at the intermediate time-step, while the ratio of the determinant of the two light quarks and the determinant of two strange pseudoquarks was integrated with the largest step-size. The molecular dynamics trajectories were of unit length (τ = 1), with a largest step size of δτ = 0.2 or δτ = 0.167. This allowed us to achieve an acceptance rate of approximately 75%. Table I summarizes the parameters that we have used for the finite temperature ensembles, as well as important characteristics of the RHMC evolution. Figure 1 shows the time history for ∆H at a few selected gauge couplings.
We also generated 1200 trajectories at β = 2.025 with a volume of 16 3 × 32 and L s = 32, also with m l = 0.003 and m s = 0.037. We used these zero temperature configurations to determine the meson spectrum, as well as the static quark potential.
III. FINITE TEMPERATURE OBSERVABLES
For QCD with massless quarks, there is a true phase transition from a low-temperature phase with spontaneous chiral symmetry breaking to a high temperature phase where chiral symmetry is restored. If the quarks have a finite mass (m f ), that explicitly breaks chiral symmetry, the existence of a chiral phase transition persists for masses up to a critical quark mass, m f < m crit f , above which the theory undergoes a smooth crossover rather than a singular phase transition as the temperature is varied. The value of m 
A. Chiral condensate
The order parameter that best describes the chiral phase transition is the chiral condensate, ψ q ψ q , which vanishes in the symmetric phase, but attains a non-zero expectation value in the chirally broken phase. For quark masses above m crit f , the chiral condensate will show only analytic behavior, but both the light and strange quark chiral condensates, ψ l ψ l , ψ s ψ s , and the disconnected part of their chiral susceptibilities, χ l , χ s , still contain information about the chiral properties of the theory in the vicinity of the crossover transition. The chiral condensate and the disconnected chiral susceptibility for a single quark flavor are defined as:
where m q is the mass of the single quark q being examined, T the temperature, V the spatial volume and N t and N s are the number of lattice sites in the temporal and spatial directions, respectively.
On our finite temperature ensembles, we calculate both the light (m l = 0.003) and strange (m s = 0.037) chiral condensates using 5 stochastic sources to estimate ψ q ψ q on every fifth trajectory. Using multiple stochastic sources on a given configuration allows us to extract an unbiased estimate of the fluctuations in ψ q ψ q and to calculate the disconnected chiral susceptibility. The Polyakov loop is calculated after every trajectory.
Figures 2 and 3 show the chiral condensate and the disconnected part of the chiral susceptibility, respectively. Examining the light and strange quark chiral condensates, it is difficult to precisely determine an inflection point. Such an inflection point could be used to locate the mid-point of a thermal crossover. We can also study the disconnected chiral susceptibility. This is computed from the fluctuations in the chiral condensate and will show a peak near the location of the inflection point of the chiral condensate. Examining the time history of ψ l ψ l shown in Fig. 4 , one can see that the fluctuations have a strong β dependence.
We will identify the peak in these fluctuations with the location of the chiral crossover. The chiral susceptibility shown in Fig. 3 , has a clear peak near β = 2.0375.
At finite quark mass the chiral condensate contains an unphysical, quadratically divergent, additive contribution coming from eigenvectors of the Dirac operator with eigenvalue λ ∼ 1/a. These perturbative ∝ m f /a 2 terms will show no finite temperature effects and obscure the physically important contribution from vacuum chiral symmetry breaking. Since these terms enter both the light and strange condensates ψ l ψ l and ψ s ψ s in the same way it is appealing to remove this unphysical portion of ψ l ψ l by subtracting (m l /m s ) ψ s ψ s from it [19] . This should effectively remove the m l /a 2 term from ψ l ψ l while having little effect on the contribution from vacuum chiral symmetry breaking. The result for such a subtracted light chiral condensate is shown in Fig. 5 .
The exact form for this subtraction is complicated for domain wall fermions by the presence of residual chiral symmetry breaking. In particular, the factor m l /m s might be constructed from the bare input quark masses or from the more physical combination (m l + m res )/(m s + m res ). As is discussed in Section V B, theoretical expectations and our numerical results suggest that the short-distance, 1/a 2 portion of the chiral condensate will not show the 1/L s behavior seen in the residual mass so this latter subtraction would not be appropriate. Instead, ψ q ψ q approaches a constant rapidly with increasing L s and in the limit of infinite L s the ratio of the explicit chiral symmetry breaking parameters m l /m s is the correct factor to use. Thus, it is this approach which is shown in Fig. 5 .
B. Polyakov loop
For a pure SU(3) gauge theory, there exists a first-order deconfining phase transition.
The relevant order parameter in this case is the Polyakov loop, L, which is related to the free energy of an isolated, static quark, V hq : L ∼ exp(−V hq /T ). In the confined phase, producing an isolated quark requires infinite energy and the Polyakov loop vanishes. However, at sufficiently high temperatures, the system becomes deconfined and the Polyakov loop acquires a non-vanishing expectation value in a sufficiently large volume. The Polyakov loop and its susceptibility are defined in terms of lattice variables as:
Figures 6 and 7 show the Polyakov loop and the Polyakov loop susceptibility. As in the case of the chiral condensate, it is difficult to precisely locate an inflection point in the β dependence of the Polyakov loop although the region where the Polyakov loop begins to increase more rapidly is roughly coincident with the peak in chiral susceptibility. There is no well-resolved peak in the data for the Polyakov loop susceptibility, so we are unable to use this observable to locate the crossover region. We list our results for these finite temperature quantities in Table II . 
C. Quark Number Susceptibilities
Calculations performed with staggered and Wilson fermions at finite temperature have
shown that the analysis of thermal fluctuations of conserved charges, e.g. baryon number, strangeness or electric charge, gives sensitive information about the deconfining features of the QCD transition at high temperature. Charge fluctuations are small at low temperature, rapidly rise in the transition region and approach the ideal gas Stefan-Boltzmann limit at high temperature. These generic features are easy to understand. Charge fluctuations are small at low temperatures as charges are carried by rather heavy hadrons, while they are large at high temperature where the conserved charges are carried by almost massless quarks.
Charge fluctuations therefore reflect deconfining aspects of the QCD transition.
Thermal fluctuations of conserved charges can be calculated from diagonal and offdiagonal quark number susceptibilities which are defined as second derivatives of the QCD partition function with respect to quark chemical potentials [20] 
where c Introducing chemical potentials for conserved charges, e.g. baryon number (µ B ), strangeness (µ S ) and electric charge (µ Q ), allows us to define susceptibilities (charge fluctu-ations) by taking derivatives with respect to these chemical potentials [49] ,
Expressed in terms of quark number susceptibilities, one finds, 
Similar to the chiral susceptibility, the two derivatives appearing in Eq. 5 generate 'disconnected' and 'connected' contributions to the flavor diagonal susceptibilities. The mixed susceptibilities defined in Eq. 6, on the other hand, only receive contributions from disconnected terms. As the disconnected terms are much more noisy than the connected terms, those susceptibilities that are dominated by contributions from the latter are generally easier to calculate. This makes the electric charge susceptibility and the isospin susceptibility,
, most suitable for our current, exploratory analysis with domain wall fermions.
Computing the susceptibilities involves measuring traces of operators. We used stochastic estimators with 100-200 random vectors per configuration. Our measurements are summarized in Table III . Some of the results presented here have been shown previously [26] .
In Fig. 8 , we show our results for the diagonal, light and strange quark number, susceptibilities c u 2 and c s 2 , respectively. We see that these susceptibilities do transit from a low value to a high one as β increases. However, given the current statistical accuracy of our calculation, it is difficult to assign any definite value of β around which the transition takes place. To a large extent the fluctuations observed in the data arise from contributions of off-diagonal susceptibilities, c f g 11 , with f ≡ g. In fact, with our current limited statistics these susceptibilities vanish within errors and therefore only contribute noise to the diagonal susceptibilities.
The disconnected parts however, either completely or partially cancel out in the two susceptibilities c I 2 and c Q 2 . As a result, one obtains much better results for these quantities, as seen in Fig. 9 .
We have tried to determine the inflection point for the electric charge and isospin susceptibilities, which may serve as an estimate for the transition point, although the slope of gives the number of time units between those measurements while the "random vectors" column gives the number of random vectors used in each measurement.
these observables also receives contributions from the regular part of the free energy. We have fit the data using two different fit ansätze,
To estimate systematic errors in the fits we performed fits for the entire data set as well as in limited ranges by leaving out one or two data points at the lower as well as upper edge of the β-range covered by our data sample. From this we find inflection points in the range 2.024 ≤ β 0 ≤ 2.037 for c . Summarizing this analysis we therefore conclude that the inflection points in the electric charge and isospin susceptibilities coincide within statistical errors and are given by β 0 = 2.030(7). This is in good agreement with the determination of a pseudo-critical coupling obtained from the location of peak in the chiral susceptibility, β = 2.0375, found in Section III A.
IV. ZERO TEMPERATURE OBSERVABLES
In this section we present the results for physical quantities at zero temperature computed on a 16 3 × 32 lattice for β = 2.025 which, as Fig. 3 suggests, lies in the lower temperature part of the N t = 8 transition region.
A. Static quark potential
To determine the lattice scale, we measured the static quark-anti-quark correlation function, W (r, t), on 148 configurations (every 5 MD trajectories from 300-1035) on these zero temperature configurations. The quantity W (r, t) is the product of two spatially separated sequences of temporal gauge links connecting spatial hyperplanes, each containing links that have been fixed to Coulomb gauge [12, 27] :
where N pairs (r) is the number of pairs of lattice points with a given spatial separation r. In our calculation the results obtained from orienting the "time" axis along each of the four possible directions are also averaged together. The time dependence of W (r, t) was then fit to an exponential form in order to extract the static quark potential V (r):
The potential V (r) was subsequently fit to the Cornell form, and used to determine the Sommer parameter r 0 , as defined below:
Table IV gives the details of the fit which determines the parameters α and σ of Eq. 14 and results in a value of r 0 /a = 3.08 (9) . For the physical value of r 0 , we use the current standard result r 0 = 0.469(7) fm [28] . This gives a lattice spacing a ≈ 0.15 fm, or a −1 ≈ 1.3 GeV.
It should be emphasized that this value for r 0 has been determined for a single light quark β r 0 /a a −1 (GeV) t fit range r fit range χ 2 /dof. mass and no extrapolation to the physical value of the light quark mass has been performed.
This failure to extrapolate to a physical value for the light quark mass is likely to result in an overestimate of the lattice spacing a by about 3%.
B. Meson mass spectrum
In addition to the static quark potential, we also calculated the meson spectrum on the same zero temperature ensemble at β = 2.025. The meson spectrum was determined using 55 configurations, separated by 10 MD time units, from 500 and 1040. Table V 
V. RESIDUAL CHIRAL SYMMETRY BREAKING
We now examine the central question in such a coarse-lattice calculation using domain wall fermions: the size and character of the residual chiral symmetry breaking effects. We examine the residual mass computed at finite temperature, its L s dependence and the dependence of the chiral condensate on L s . In both cases we examine the value of L s = 32 used for the dynamical quarks as well as "non-unitary", valence values of L s varying between 8
and 128.
A. Residual Mass
One of the primary difficulties with the calculation presented here is the rather large residual chiral symmetry breaking at the parameters that we employ. This manifests itself in a value for the residual mass, m res which is larger than the input light quark mass, m ud = 0.003 over almost the entire temperature range of our calculation.
For the Iwasaki gauge action, the residual chiral symmetry breaking has been extensively studied by the RBC-UKQCD collaboration for β ≥ 2.13 and L s = 16 [10, 11, 13, 14] .
However, the lattice ensembles that we use here are significantly coarser, resulting in larger residual chiral symmetry breaking, even for our increased value of L s = 32. We follow the standard method, described for example in Ref. [10] , determining the residual mass by computing the ratio of the midpoint correlator to the pion correlator evaluated at source-sink separations sufficiently large to suppress short-distance lattice artifacts. This is most easily done on these finite temperature lattices by choosing the source-sink separation to lie in a spatial rather than temporal direction. 
Here the exponential term comes from extended states with eigenvalues near the mobility edge, λ c , while the 1/L s piece reflects the presence of localized modes with small eigenvalues and is proportional to the density of such small eigenvalues at λ = 0 [14, [29] [30] [31] . This formula describes our data very well as can be seen from Fig. 10 where both the data presented in Table VII and the resulting fit to Eq. 16 are shown. The proportionality of m res to 1/L s shown in Table VIII for L s ≥ 32 indicates that our choice of L s = 32 has effectively suppressed the exponential term in Eq. 16 but that a large contribution remains from the significant density of near-zero eigenvalues on our relatively coarse lattice.
Since we have chosen the input light quark mass m l = 0.003 to be fixed for the different values of β, the strong dependence of m res on β shown in Table VI means that the total light quark mass, m q = m l + m res , changes significantly in the crossover region, from m q ≈ 0.0075 at β = 2.05 increasing to m q ≈ 0.013 at β = 2.00. This substantial increase may significantly affect the quantities whose temperature dependence we are trying to determine.
B. Chiral condensate and susceptibility at varying L s
The change in the total quark mass as we vary β is expected to cause a distortion of the chiral susceptibility curve that we use to locate the crossover transition. In order to understand how this varying mass affects our results, we have computed the chiral condensate and its susceptibility with different choices for the valence L s and valence m l at several values of β.
In one set of measurements, we increased L s from 32 to 64, while keeping the input quark masses fixed at m l = 0.003 and m s = 0.037. This has the result of reducing the total light and strange quark masses, as the residual masses are reduced by approximately a factor of two. In another set of measurements, we increased L s to 96 but adjusted the input quark masses to compensate for the reduced residual mass so that the total light and strange quark masses, m l + m res and m s + m res respectively, matched those in the L s = 32 calculation for each value of beta. Finally, for one value of the gauge coupling, β = 2.0375, we used several choices of valence L s (8, 16, 24, 48) at fixed input quark mass (m l , m s ) = (0.003, 0.037) in order to examine the L s dependence of our observables at fixed β. From Fig. 2 , we see that increasing L s from 32 to 64 while keeping the input quark masses fixed does not have much effect on the chiral condensate for each β at which we measure. On the other hand, using L s = 96 and larger input quark masses causes a noticeable increase in the chiral condensate. A closely related phenomenon can be found in Fig. 11 This contrast between the L s dependence of ψ q ψ q and m res can be made more precise if we attempt to fit the L s dependence of ψ q ψ q by a single exponential, omitting the power law piece that is important in m res (L s ):
This fit describes the data very well, giving χ 2 /dof = 0. we should expect little change in ψ q ψ q as is shown in Fig. 2 . However, for the second set of points where L s is increased to 96 and m f is also increased to keep m f = m res fixed, the increase in the bare input quark mass m f produces a significant increase in ψ q ψ q .
As will become clear below, the above discussion of the chiral condensate is approximate, focusing on the dominant explicit chiral symmetry breaking term m f /a 2 coming from the input quark mass and a residual chiral symmetry breaking piece expected to behave as exp(−λ c L s )/a 3 . The more interesting, physical contribution to the chiral condensate which arises from vacuum symmetry breaking and is described, for example, by the Banks-Casher formula, will depend on the physical quark mass, m f + m res . Such dependence on m res will necessarily introduce a 1/L s dependence on L s , not seen in the results described in the paragraph above. This is to be expected because the much larger m f /a 2 and exp(−λ c L s )/a 3 terms do not show this behavior.
In contrast to the chiral condensate, the disconnected part of the chiral susceptibility is more physical and grows with decreasing quark mass. It is dominated by the large fluc-tuations present in the long-distance modes. The large m f /a 2 and exp(−λ c L s )/a 3 which dominate the averaged ψ q ψ q fluctuate less because of the large number of short distance modes and hence contribute relatively little to the fluctuations in the quantity ψ q ψ q . This behavior should be contrasted to that of the connected chiral susceptibility which is again dominated by short-distance modes and hence of less interest and not considered here.
Thus, for small quark mass and β ≈ β c we expect that the disconnected chiral susceptibility will depend on the total effective quark mass, m q = m l + m res , that enters into the low energy QCD Lagrangian. Figure 12 shows the disconnected chiral susceptibility at β = 2.0375 as a function of the valence L s . The chiral susceptibility does not plateau as L s grows. Rather, it increases as the total quark mass m q = m l + m res is decreased as we move to larger L s . The fact that the chiral susceptibility depends only on the total quark mass can also be seen in the measurements at L s = 96, where the input quark masses are adjusted to keep the total quark mass fixed. As we can see in Fig. 3 , the chiral susceptibility at L s = 96 is roughly the same as at L s = 32, even though the relative sizes of the input quark masses and the residual mass has changed dramatically. This behavior provides a reassuring consistency check on the DWF approach: even at finite temperature the light fermion modes carry the expected quark mass, m q = m l + m res .
VI. LOCATING T c
We will now attempt to combine our finite and zero temperature results to determine the pseudo-critical temperature, T c . As discussed in Section III and shown in Fig. 3 , the chiral susceptibility shows a clear peak whose location gives a value for β c . The result for β c is consistent with the region of rapid increase in the Polyakov loop and quark number susceptibilities seen in Figs. 6 and 9. Even though β c is fairly well resolved, there are still significant uncertainties in extracting a physical value of T c from our calculation. The most important issues are:
• The distortion in the dependence of the chiral susceptibility on β induced by the variation of m res with β.
• The uncertainty in determining the lattice scale at the peak location near β c = 2.0375 from our calculation of r 0 /a at β = 2.025, performed with light quarks considerably more massive than that those found in nature.
• The absence of chiral and continuum extrapolations.
We address each of these sources of uncertainty in turn.
A. Correcting for m res (β)
In Section III, we observed that the chiral susceptibility has a peak near β = 2.0375, which we can identify as the center of the transition region. However, the total light quark mass m q = m l + m res is different for each value of β because of the changing residual mass m res (β). This changing quark mass distorts the shape of the chiral susceptibility curve, shifting the location of its peak from what would be seen were we to have held the quark mass m q = m l + m res fixed as β was varied.
Gaussian Lorentz In order to correct for this effect, we must account for the quark mass dependence of the chiral susceptibility. Our valence measurements at L s = 64 and L s = 96 indicate that the chiral susceptibility is inversely related to the quark mass and depends only on the combination m q = m l + m res . Figure 13 shows the resulting chiral susceptibility, when one corrects for the known β dependence of m res (β) by assuming a power-law dependence of χ l ∝ 1/m α q on the quark mass for various choices of the power α ranging between α = 0 and α = 3/2.
While for T ≤ T c and in the limit of small quark mass the chiral susceptibility is expected to behave as ∝ 1/ √ m q [32] [33] [34] [35] [36] corresponding to α = 1/2, our data from the L s = 64 valence measurements suggest α ∼ 1.2 − 1.8, albeit with rather large uncertainty. While α > 0.5 is inconsistent with the expected chiral behavior, we conservatively include such larger exponents as a possible behavior over our limited range of non-zero quark mass.
Adjusting the chiral susceptibility curve in this manner enhances the chiral susceptibility at stronger coupling, as m res (β) is larger on the coarser lattices. This causes a systematic shift in the peak location to stronger coupling when this correction is made.
While a cursory examination of Fig. 13 suggests that this correction does not change the peak structure, more careful study reveals that for the extreme α = 1.5 case the peak may have disappeared if the two lowest β values with large errors are taken seriously. We view this possibility as unlikely but not absolutely ruled out. Table X gives the results of fitting the peak region to Lorentzian and Gaussian peak shapes for various α. If we make no adjustment to the raw data (α = 0), we obtain β c = 2.041(2).
However, with α = 3/2, we have β c = 2.024(5) with the Gaussian fit. While α = 3/2 seems to be favored by our valence measurements, we would like to emphasize that the quark mass dependence of the chiral susceptibility has large uncertainties. In particular, since we performed valence measurements at only three values of β, it is unclear if this α ≈ 3/2 behavior holds over a broader range in β. Also, we do not know whether the same mass dependence will persist if both the valence and dynamical quark masses are varied.
It should be recognized that if χ l ∝ 1/m α q behavior for T ≤ T c persists in the limit of vanishing m q the peak structure suggested by Fig. 13 may take on the appearance of a shoulder as the χ l grows for T < T c . Such a singular behavior at small quark mass, for example the α = 1/2 case suggested by chiral symmetry, would make χ l a poor observable to locate the finite temperature transition [37] . Although our data shows an easily identified peak, unclouded by a large 1/ √ m q term for T ≤ T c , it is possible that such behavior may substantially distort the chiral susceptibility as the light quark mass is decreased from that studied here to its physical value.
With these caveats in mind, we estimate the pseudo-critical coupling to be β c = 2.03(1).
The central value corresponds to the peak location if we assume a quark mass dependence of χ l ∼ 1/(m q + m res ). The quoted error reflects the uncertainty in the mass dependence of χ l , and is chosen to encompass the range of values for β c shown in Table X .
B. Extracting the lattice scale at β c
This value of β c differs from that of our zero-temperature ensemble (β = 2.025) where we have measured the Sommer parameter, r 0 /a. Thus, in order to determine the lattice scale at β c , we need to know the dependence of r 0 /a on β. Fortunately, in addition to our measurements at β = 2.025, r 0 /a has been extensively measured at β = 2.13 [27] .
At β = 2.13, the value of r 0 /a at the quark mass corresponding most closely to the current calculation is r 0 /a = 3.997 (22) . Extrapolation to the chiral limit gives r 0 /a = 4.113(31) for β = 2.13, an approximately 3% increase. A study of finite volume effects in Ref. [27] suggests that, in addition, the value computed on a 16 3 ×32 lattice is too low by approximately 1−2%.
To obtain r 0 /a at β c , we use an exponential interpolation in β, giving r 0 /a = 3.12 (13), which includes the statistical errors for r 0 /a and the uncertainty in β c = 2.03(1). To account for chiral extrapolation and finite volume effects, we add 4% to this central value and also add a 4% error in quadrature, resulting in r 0 /a = 3.25 (18) . This corresponds to T c r 0 = 0.406(23).
C. Chiral and Continuum Extrapolations
In the end, we wish to obtain a value for the pseudo-critical temperature T c corresponding to physical quark masses and in the continuum (a → 0) limit. However, our current calculation is performed with a single value for the light quark masses, (m l /m s ≈ 0.25), and a single value for the temporal extent (N t = 8). Thus, we are not at present able to perform a direct chiral or continuum extrapolation.
We can make an estimate of the shift in T c that might be expected when the light quark mass is reduced to its physical value by examining the dependence of T c on the light quark mass found in the N t = 6, staggered fermion calculations in Ref. [2] . The quark mass dependence of T c found in Table IV of that paper, suggests a 3% decrease in T c when one goes to the limit of physical quark masses.
The effects of finite lattice spacing on our result can be estimated from the scaling errors that have been found in recent zero temperature DWF calculations [38, 39] . Here hadronic masses and decay constants were studied on a physical volume of side roughly 3 fm using 
VII. CONCLUSION AND OUTLOOK
We have carried out a first study of the QCD phase transition using chiral, domain wall quarks on a finite temperature lattice with temporal extent N t = 8. This work represents a advance over earlier domain wall calculations [5, 40] with N t = 4 and 6, having significantly smaller residual chiral symmetry breaking and including important tests of the physical interpretation of the resulting residual mass. Most significant is the comparison of the residual mass computed at fixed β = 2.025 for both zero and finite temperature yielding m res = 0.0069(5) and 0.006647(84) respectively. The equality of these two results suggests that m res can indeed be interpreted as a short-distance effect which acts as a small additive mass shift over the range of temperatures which we study.
As can be seen in Fig. 3 the chiral susceptibility shows a clear peak around β c = 2.03 (1) and suggests a critical region between 155 and 185 MeV. The peak location can be used to estimate a pseudo-critical temperature T c r 0 = 0.406(23)(41) or T c = 171(10)(17) MeV. The first error represents the statistical and systematic uncertainties in determining β c and the corresponding physical scale at our larger than physical quark mass (m π = 308 MeV) and non-zero lattice spacing, a −1 ≈ 1.3 GeV. The second error is our estimate of the shift that might be expected in T c as the quark mass is lowered to its physical value and the continuum limit is taken.
The transition region identified from the peak in the chiral susceptibility χ l shown in It is of considerable interest to compare this result with those obtained in two recent large-scale studies using staggered fermions [2, 41] . Unfortunately, because of our large uncertainties, our result is consistent with both of these conflicting determinations of T c .
However, there are now substantial opportunities to improve on the calculation presented here. Most important the size of residual chiral symmetry breaking must be substantially reduced. This could be achieved directly for the calculation described here by simply increasing the size of the fifth dimension. Of course, such an increase in L s incurs significant computational cost. Never-the-less, a study similar to that reported here is presently being carried out by the HotQCD collaboration using L s = 96. This will provide an improved result for the chiral susceptibility as a function of temperature, giving a new version of Fig. 3 in which the total quark mass, m f + m res , remains constant across the transition region.
More promising for large-volume domain wall fermion calculations is the use of a modified gauge action, carefully constructed to partially suppress the topological tunneling which induces the dominant 1/L s term in Eq. 16 [42] [43] [44] [45] . This is accomplished by adding the ratio of 4-dimension Wilson determinants for irrelevant, negative mass fermion degrees of freedom to the action. Preliminary results [45] indicate that without increasing L s beyond 32, this improved gauge action can reduce the residual mass in the N t = 8 critical region by perhaps a factor of 5 below its current value while maintaining an adequate rate of topological tunneling. This improvement, when combined with the next generation of computers should permit a thorough study of the QCD phase transition at a variety of quark masses, approaching the physical value and on larger physical spatial volumes.
It is hoped that such a study of the QCD chiral transition with a fermion formulation that respects chiral symmetry at finite lattice spacing will yield an increasingly accurate quantitative description of and greater insight into the behavior of QCD at finite tempera- to the value at β = 2.025, L s = 32 in our simulations.
